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Engineering multiphoton states is an outstanding challenge with applications in multiple fields, such as quan-
tum metrology, quantum lithography or even biological systems. State-of-the-art methods to obtain them rely on
post-selection, multi-level systems or Rydberg atomic ensembles. Recently, it was shown that a strongly driven
two-level system interacting with a detuned cavity mode can be engineered to continuously emit n-photon states.
In the present work, we show that spectral filtering of its emission relaxes considerably the requirements on the
system parameters even to the more accessible bad-cavity situation, opening up the possibility of implementing
this protocol in a much wider landscape of different platforms. This improvement is based on a key observation:
in the imperfect case where only a certain fraction of emission is composed of n-photon states, these have a well
defined energy separated from the rest of the signal, which allows to reveal and purify multiphoton emission
just by frequency filtering. We demonstrate these results by obtaining analytical expressions for relevant figures
of merit of multiphoton emission, such as the n-photon coupling rate between cavity and emitter, the fraction of
light emitted as n-photon states, and n-photon emission rates. This allows us to make a systematic study of such
figures of merit as a function of the system parameters and demonstrate the viability of the protocol in several
relevant types of cavity QED setups, where we take into account the impact of their respective experimental
limitations.
PACS numbers:
I. INTRODUCTION
Non-classical states of light are a fundamental ingredient in
the development of photonic quantum technologies, such as
quantum communication [1], quantum metrology [2], lithog-
raphy [3], spectroscopy [4, 5] or biological sensing [6, 7].
The generation of single-photons is experimentally accessi-
ble by several methods, such as exploiting the single-photon
non-linearity of natural and artificial atoms [8–14] or using
correlated photon pairs in non-linear crystals [15] or biexci-
ton states [16–18]. However, obtaining multiphoton states is a
much more challenging task as the n-photon interactions are
generally very weak. Current methods to generate multipho-
ton states in the optical regime are mostly probabilistic and
rely on using single-photons, linear optics and post-selection
to build up higher photon numbers. Unfortunately, they suffer
from an exponential scaling of success with increasing pho-
ton number [19]. Thus, it is still of fundamental and practical
interest to search for novel mechanisms which allow us to en-
gineer light at n-photon level.
With this motivation, several methods have been proposed
to generate n-photon states in very different scenarios, such as
Rydberg atomic ensembles [20–22], atoms coupled to waveg-
uide systems [23–25], using multilevel atoms [26–30] or cav-
ity QED setups [31, 32]. Particularly appealing, due to its
simplicity, is the proposal in Ref. [32], which requires a single
coherently driven two-level system (2LS), with driving ampli-
tude Ω, coupled to a single cavity mode, with strength g. In
the strong driving limit, i.e., Ω  g, it was shown that by
placing appropriately the cavity resonance, the system can be
brought to emit n-photon states (termed n-photon bundles).
However, the broadening introduced by the cavity and 2LS
losses, denoted as γa/σ , also leads to the emission of photons
that are not released in the form of n-photon bundles, and
therefore, contaminate the n-photon character of the output.
In order to obtain emission with a large fraction of n-photon
states, which defines the purity of n-photon emission [32], the
coupling rate between cavity and 2LS was taken in the strong
coupling regime with g > γa,σ .
Here, we revisit this proposal to obtain analytical expres-
sions for the figures of merit of the mechanism, such as the
n-photon couplings, efficiency rates or the purity of n-photon
emission. Moreover, we identify the spectral distribution of
both the spurious and the n-photon component of the cav-
ity emission. In particular, we show that they are emitted
in different frequency windows, such that the contaminating
photons can be mostly suppressed with appropriate frequency
filtering. This simple insight leads to better figures of merit
for the n-photon emission and lifts the strong coupling re-
quirements to observe such effect. In the particular case of
two-photon emission, we show how high purities can be ob-
tained as long as the rate of emission into the cavity with re-
spect to free space, i.e., the cooperativity C = 4g2/(γaγσ),
is large (the so-called bad-cavity limit). This opens up the
possibility of implementing this proposal in a wide variety
of platforms such as semiconductor QDs [33–36] or atom-
nanophotonics [37, 38] where the bad-cavity limit has been
observed, but the strong coupling condition is hard to obtain.
Another consequence of the spectral isolation of n-photon
bundles is that they manifest as a clear feature in the spectrum,
offering the simplest smoking gun to experimentally evidence
n-photon emission (see Fig. 1).
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FIG. 1: (a) Scheme of the proposed setup: a two-level system is coupled to a cavity and strongly driven by a classical field. By selecting the
proper cavity frequency, the system emits a continuous stream of photon pairs. (b) Evidence of two-photon emission in the cavity fluorescence
spectrum, plotted as a function of the driving field amplitude. The driving laser is in resonance with the 2LS, and the cavity is detuned by
∆a = 5g. Mollow sidebands appear in the spectrum at ω = ωL±2Ω. When the cavity frequency lies between a sideband and the central peak,
∆a = ±Ω, two-photon emission is seen as a clear feature in the spectrum. (c) Spectrum in the regime of two-photon emission, at Ω = ∆a. (d)
Transitions in the ladder of dressed states giving rise to the four peaks featured in panel (c). Simulation parameters: γa = 1.3g, γσ = 0.01g.
The outline of the paper reads as follows: in Section II we
review the setup and mechanism proposed in Ref. [32] and de-
rive analytical expressions for the figures of merit of n-photon
emission, allowing us to show clearly how these depend on the
system parameters. Then, in Section III, we show the spectral
distribution of both the cavity emission in the n-photon reso-
nance configuration and characterize the improvement in the
figures of merit when filtering out the uncorrelated photons.
In Section IV, we analyze several experimental limitations of
the platforms where our proposal can be implemented, such
as semiconductors or atomic cQED, and study their impact on
the figures of merit for n-photon emission. Finally, we sum-
marize our findings and point to future work in Section V.
II. SYSTEM AND GENERAL MECHANISM
The proposal in Ref. [32] is based on two cornerstones of
Quantum Optics, namely, resonance fluorescence [39] and
cavity QED [40, 41]. In particular, it requires a single 2LS
interacting both with a classical field, with amplitude Ω, and
a quantum one, most simply implemented by a single-mode
cavity coupled to the 2LS with strength g (see Fig. 1(a)). For
simplicity, we assume that the laser frequency, ωL, is resonant
with the transition frequency of the 2LS, ωσ , as it makes the
analysis simpler, at the expense of only weakly worsening the
efficiency. Besides, the system is operated in the dispersive
regime where the 2LS and cavity are detuned. In this con-
figuration, strong correlations can be sustained between them
even if their coupling is closer to a weak-coupling scenario
with a small admixture of the bare states [42]. In these con-
ditions, the total Hamiltonian of the combined system reads
(using h¯ = 1):
H = ∆aa
†a+ g(a†σ + σ†a) + Ω(σ + σ†) , (1)
which we have written in a frame rotating with the laser/2LS
frequency to make it time independent, such that ∆a =
ωa − ωσ is the cavity-2LS detuning. The operators a†/a
(σ†/σ) represent the creation/annihilation operators of the
cavity (2LS) system. To take into account the cavity and 2LS
losses, the Hamiltonian picture must be upgraded to a mas-
ter equation description which takes into account the coupling
to external baths. This results in an effective master equation
3which can be written:
dρ
dt
= −i [H, ρ] + γσ
2
Lσ[ρ] + γa
2
La[ρ] , (2)
where LO[ρ] ≡ 2OρO† −O†Oρ− ρO†O is a Lindblad term
describing the leakage of photons from both the cavity and the
bare 2LS.
When g ≡ 0, we recover the standard resonance fluores-
cence situation. This configuration has been traditionally ex-
ploited in the weak driving limit, Ω  γσ , to generate in-
dividual single-photons [10–13] emitted within a small spec-
tral windows around the 2LS frequency. In the strong driv-
ing limit, Ω  γσ , the classical field dresses the 2LS lev-
els, leading to two new eigenstates of the system, |±〉 =
1√
2
(|g〉 ± |e〉), with eigenenergies E± = ωσ ± Ω. These
dressed states deform the incoherent spectrum of 2LS from a
single peak to the well-known Mollow triplet [39]. This spec-
tral shape can be easily understood from single photon tran-
sitions in the dressed state picture [43] [see Fig. 1(d)], corre-
sponding to |±〉 → |±〉 and |∓〉 → |±〉, which explains why
three peaks appear at frequencies ωσ(±2Ω). Something that
generally goes unnoticed is that, in the strong driving limit,
the 2LS also provides non-linearities at the multiphoton level.
These non-linearities can be understood as n-photon transi-
tions in the ladder of dressed states, going from a state |±〉 to
a state |∓〉, n rungs below. As illustrated for the case n = 2 in
Fig. 1(d), these processes are out of resonance from the first-
order transitions associated to the Mollow triplet, and for the
case of photons of equal energy it is easy to see that their en-
ergy is ±2Ω/n. These multiphoton transitions are typically
hidden by the single-photon processes, as they are of smaller
order. However, they can be made visible, e.g., using fre-
quency resolved correlations [44, 45] as recently experimen-
tally observed [46, 47]. Remarkably, these correlations in fre-
quency space are strong enough to violate classical inequali-
ties [46, 48].
Unfortunately, the emission of these strongly correlated
photons is scarce, and therefore, difficult to exploit. An al-
ternative and powerful way of capitalizing on these photons
consists of coupling the strongly driven 2LS to a cavity (mak-
ing g 6= 0 in our model), and setting the cavity energy exactly
at these multiphoton resonances, ∆(n)a = ±2Ω/n. Using that
simple prescription, it was shown by using a quantum jump
simulation [32] that one is able to Purcell-enhance the n-th
photon process with respect to the single photon ones, leading
to (almost) perfect emission in groups or bundles of photons.
Fig. 1 illustrates this effect for the case of n = 2 pho-
tons. In particular, in panel (b) we show the evo-
lution of the incoherent part of the cavity spectrum,
S(ω) ∝ limt→∞
∫
dτ〈a†(t)a(t+ τ)〉eiωt, with increasing
driving Ω for a fixed cavity-2LS detuning of ∆a = 5g and
γa = 1.3g and γσ = 0.01, such that C ∼ 300. These pa-
rameters are similar to those reported in experimental works
that have already performed measurements similar to what we
show in Fig. 1(b) [49, 50]. The main difference between those
measurements and what we show here lies in the range of Ω
considered, which in such experiments was not taken to the
values where the new effects that we report clearly manifest
themselves. We can distinguish three different regimes:
• When the driving is small, we only observe a single
peak at the 2LS frequency. The main effect of the cav-
ity here is to renormalize the broadening of such a peak
to ∼ γσ + 4g
2γa
4∆2a+γ
2
a
, that is, the sum of the individual
2LS decay plus the broadening provided by the cavity
emission.
• As the driving increases, the cavity spectrum S(ω)
starts to display a triplet structure, that is distorted by
the finite detuning, ∆a, as it breaks the symmetry be-
tween the upper/lower sidebands from the bare Mollow
triplet. Interestingly, when Ω is such that ∆a is resonant
with the upper sideband, i.e., ∆(1)a = 2Ω = 5g, one ob-
serves a complete depletion of the central peak, and a
very strong asymmetry between the two sidebands. The
physics at hand occurs at the single photon level.
• The most interesting regime for this manuscript occurs
when Ω is such ∆a = ∆
(2)
a = Ω = 5g. Around
this value of Ω, we observe in Fig. 1(b) the appearance
of an extra peak in the cavity spectrum which is pre-
cisely the one that generate the photon pairs predicted
in Ref. [32]. To make it more clear, we plot an horizon-
tal cut at Ω = 5g in Fig. 1(c). The four peaks can be
easily identified with processes in the dressed state pic-
ture, as schematically depicted in Fig. 1(d): on the one
hand, we observe the conventional single-photon pro-
cesses at ωσ − 2Ω, ωσ and ωσ + 2Ω; on the other hand,
at the cavity frequency, between the central peak and
the upper sideband, we observe a peak that corresponds
to the cascaded emission of two-photons at frequencies
ωσ + Ω. This peak is broader than the other due to the
Purcell enhancement by the cavity.
To certify that one is dealing with true n-photon emission,
one can study the statistics of the output field, as shown in
Refs. [27, 28, 32]. However, in this manuscript we will use the
appearance of these extra peaks in S(ω) as the signature for n-
photon emission, as it is the simplest experimentally relevant
smoking gun for multiphoton emission. A similar method has
been used, for instance, to experimentally evidence Purcell-
enhanced two photon emission in a biexcitonic radiative cas-
cade [51].
A. Analytical derivation of the n-photon coupling rate
After having illustrated the mechanism for a particular sit-
uation, one of the main goals of this manuscript is to gain an-
alytical understanding on the figures of merit of the emission.
As shown in Fig. 1(c), all the non-linear processes appearing
in S(ω) are well understood in the dressed state picture. Thus,
it is enlightening to write the Hamiltonian in the dressed state
basis where it reads:
H = Ω σ˜z + ∆a a
†a+
g
2
{
a†(σ˜ − σ˜† + σ˜z) + h.c.
}
, (3)
4where σ˜ = |−〉〈+| and σ˜z = |+〉〈+| − |−〉〈−|. In the
strong driving limit, Ω  g, and when the cavity is close
to the n-th photon resonance, i.e., ∆a ≈ ∆(n)a , the en-
ergy levels of the Hamiltonian are structured in manifolds
Em,n = {|+,m〉, |−,m + n〉} (where m is the number of
photons in the cavity) such that the energy separation between
levels inside a manifold is much smaller than the energy sep-
aration between different manifolds. This energy separation
allows one to perform an adiabatic elimination of the fast de-
grees of freedom to construct an effective Hamiltonian that
does not couple the manifolds between them. Under these
conditions, the dynamics can then be described by an effec-
tive n-photon coupling Hamiltonian:
H
(n)
eff = Ωσ˜z + ∆aa
†a+ g(n)
(
σ˜†an + σ˜a†
n
)
, (4)
which generates n-photon Rabi oscillations between the states
|+,m〉 and |−,m+ n〉 with rate (see Appendix A):
g(n) =
gn
2(n− 1)!2
(
n2
4Ω
)n−1
. (5)
There are also small renormalizations of the bare 2LS and cav-
ity energies that shift the n-photon resonance from the val-
ues ∆(n)a = ±2R/n. For simplicity, we will omit writing
these renormalizations in the following descriptions, but in-
clude them consistently to perform the calculations.
Performing the same change of basis into the 2LS Lindblad
operators, we arrive to:
γσ
2
Lσ[ρ] ≈
(γσ
8
Lσ˜ + γσ
8
Lσ˜† +
γσ
2
Lσ˜†σ˜
)
[ρ] , (6)
where other fast rotating terms are eliminated under the as-
sumption Ω  γσ . Therefore, the bare 2LS decay trans-
forms in the dressed state basis into: i) an effective decay
rate γσ˜ = γσ4 ; ii) an effective pumping Pσ˜ =
γσ
4 ; and ii) a
dephasing term with rate γφ˜ = γσ .
By solving the master equation with the n-photon Hamilto-
nian in the dressed basis,
dρ
dt
= −i
[
H
(n)
eff , ρ
]
+
γa
2
La[ρ] + γσ˜
2
Lσ˜[ρ]+
Pσ˜
2
Lσ˜† [ρ] +
γφ˜
2
Lσ˜†σ˜[ρ], (7)
we calculate the amount of cavity population introduced
via the n-photon coupling of Eq. (4) under the assumption
g(n)  γa, obtaining (see Appendix B):
n(n)a ≈ n2
κ(n)
Γσ˜(nγa + Γσ˜ + γφ˜) + κ
(n)nγa
Pσ˜ , (8)
where Γσ˜ = γσ˜ + Pσ˜ , and κ(n) =
4(n−1)!(g(n))2
γa
is a gen-
eralized n-photon Purcell rate. In the limit nγa  γσ , the
previous expression simplifies to:
n(n)a ≈ n
κ(n)
γa
Pσ˜
κ(n) + Γσ˜
, (9)
in which each term has a transparent meaning: i) the term
Pσ˜
κ(n)+Γσ˜
is the population of the dressed 2LS that mediates the
n-photon coupling; ii) the term κ
(n)
γa
is the ratio between the
effective pumping to the cavity mode through the n-photon
Purcell decay rate, κ(n), and the cavity decay rate, γa; iii) the
factor n takes into account that every time a jump occurs in the
effective dressed 2LS, n photons are introduced in the cavity.
One can confirm, by looking at the output field of the cavity,
that these photons introduced through the cavity in groups of
n, are also emitted as such as was confirmed in Ref. [27, 32].
The timescale between the n-photon states is∼ (κ(n)+γσ¯)−1,
as it is the time it takes to reload the dressed 2LS after an n-
photon quantum jump. The spectral width of the n-photon
wavepacket is of the order of nγa. Thus, in order to obtain
antibunched n-photon emission it must be satisfied that [28]
nγa  κ(n) + γσ˜ .
However, it was shown [32] that even in the perfect reso-
nant case the n-photon emission at the output of the cavity
field is always contaminated by the emission of uncorrelated
single-photon states. The origin of such photons is that, when
writing the effective Hamiltonian of Eq. (4), we are neglecting
the off-resonant, but first order, processes that also generate
population in the cavity, which we denote by n(1)a . These are
specially relevant when the broadening introduced by γa,σ is
considerable. Interestingly, this off-resonant population n(1)a
can also be analytically estimated in the limit Ω  g. For
example, for the 2-photon resonant situation that we will be
focusing on along this manuscript, ∆a = ∆
(2)
a , and in the
limit of γσ  Ω,∆a, γa, it can be approximated by (see Ap-
pendix B):
n(1)a ≈ 2g
2(γ2a + 28Ω
2)
(γ2a + 4Ω2)(γ2a + 36Ω2)
+
32g2Ω2(γ4a + 432Ω
4)γσ˜
γa(γ2a + 4Ω2)2(γ2a + 36Ω2)2
.
(10)
The more general expression as a function of ∆a can be
found in Appendix B. Finally, we make the assumption that
the total population in the cavity is given by the sum of the
two mechanisms described above: na ≈ n(1)a + n(n)a . We
numerically confirmed this is a good assumption in the regime
of validity of the approximations.
B. Characterizing n-photon emission
Thanks to the analytical results that we developed in the
previous Section, we can make a more systematic analysis of
the main figures of merit of the n-photon emission of our pro-
posal, namely, i) the n-photon emission rate through the cavity
mode, that is given by γan
(n)
a ; and ii) the purity of n-photon
emission, defined as the fraction of the total population which
given by n-photon population:
pin =
n
(n)
a
na
≈ n
(n)
a
n
(1)
a + n
(n)
a
. (11)
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FIG. 2: (a) Joint plot of two-photon [n(2)a , red] and one-photon
[n(1)a , blue] emission rates as a function of cavity (γa) and 2LS
(γσ) decay rates. Contour lines correspond to the total population
na computed numerically (solid) and analytically (dashed), based
on the assumption na ≈ n(2)a + n(1)a . The good agreement con-
firms the validity of such assumption and of Eqs. (8) and (10). (b)
Two-photon emission rate [n(2)a , red] and one-photon emission rate
at the cavity frequency [n(1)a,f , blue]. Contour lines correspond to the
total filtered emission na,f , computed numerically (solid) and ana-
lytically, based on the assumption na,f ≈ n(2)a + n(1)a,f and Eqs. (8)
and (22). Ω = 20g in panels (a) and (b). (c) Components of the
cavity population as a function of Ω when the cavity is at the two-
photon resonance (∆a = Ω). Black: total cavity population. Blue:
Single-photon component of cavity population as given in Eq. (10).
Red: two-photon component of cavity population n(2)a as given by
Eq. (8). Dashed, horizontal lines mark the weak driving limit of n(n)a
given by Eq. (13). (d) Same as in (c), for the three-photon resonance.
Simulation parameters, γa = 0.1g and γσ = 0.01g
We start by showing a contour plot in Fig. 2(a) of the single
(in blue) and two-photon (in red) emission rates as a function
of (γa, γσ)/g for a situation with Ω = 20g and ∆a tuned to
the 2-photon resonance, i.e., ∆ = ∆(2)a = Ω. Both plots are
superimposed to facilitate the comparison. We confirm that,
in order for the two-photon process to dominate, it is required
that γa,σ < g, which corresponds to the red region in the
lower part of the figure. This was the regime considered in
Ref. [32]. As γa increases, the importance of the n-photon
emission rate also decreases as can be expected from the ana-
lytical formula of n(n)a in Eq. (9) because κ(n) ∝ 1/γa. The
behaviour with γσ is, however, less trivial, as there is a trade-
off between increasing the pumping of the effective two-level
system, Pσ˜ ∝ γσ , but at the same time increasing its losses γσ˜ ,
which results in an optimal γσ as shown in Fig. 2(a). As we
have the analytical expressions for n(n)a , we can find the opti-
mal γn,optσ which gives the largest amount of n
(n)
a for a fixed
set of parameters. The general expression for any n reads
γ(n,opt)σ =
(
gn2
4Ω
)n
8Ω√
3(n!)3
. (12)
For the case n = 2 that we plot in Fig. 2(a), the optimal decay
is obtained when γ(2,opt)σ = 2
√
2/3g2/Ω ≈ 0.08g, which
coincides with the numerical results shown in Fig. 2(a).
Another interesting behaviour to explore is the dependence
of the efficiencies with Ω, as it is an experimentally tunable
parameter. In Figs. 2(c-d) we plot the dependence with Ω of
the total cavity population (black), and its single (blue) and
n-photon components (red) given by Eqs. (10) and (8), for a
system with ∆a = ∆
(2−3)
a fixed at the 2 − 3 photon reso-
nance respectively. This means that we change ∆a accord-
ingly as the driving increases. There are several interesting
conclusions to be extracted from this figure:
• In both the two- and three-photon resonance situations
the analytical formulas capture very well, both qualita-
tively and quantitatively, the full numerical results in all
the regimes of Ω depicted in Figs. 2(c-d).
• As expected at weak drivings, the single-photon popu-
lation, n(1)a , dominates over the n-photon one as the de-
tuning is not enough to supress one-photon processes.
From the formula of n(n)a one can actually obtain a sim-
ple formula for the limit of very weak driving:
n(n)a ≈
n
4
γσ
γa
, (Ω→ 0) . (13)
which is the horizontal line that we plot in Figs. 2(c-d).
• As the driving increases both n(1)a and n(n)a (and there-
fore na) decrease, but with a significant difference be-
tween the two and three-photon situation. While at the
two-photon resonance case, n(1)a and n
(2)
a decrease with
the same scaling with Ω, which allows n(2)a to dominate
even for very large Ω; in the case of three photons, n(3)a
decreases faster than n(1)a such that there will be an op-
timal Ω to maximize n(3)a over n
(1)
a . This behaviour can
also be explained from the analytical formulas by ex-
panding them in the Ω→∞ limit:
n(n)a ≈
g2n
Ω2(n−1)
An ∝ 1
Ω2(n−1)
, (14)
n(1)a ≈
(
g2
Ω2
)
n3(2 + n2)γσ + n(n
4 − n2 + 2)γa
16(n2 − 1)2γa
∝ 1
Ω2
, (15)
6where An reads:
An =
[
16n−1γa(2nγa + 3γσ)n2(1−2n)(n− 1)!3
]−1
. (16)
The convergence to that limit is obtained when
(Ω/g)2(n−1)  C [Ω γa,σ] for n(n)a [n(1)a ].
From this discussion, we observe there is a non-trivial
trade-off between absolute multiphoton emission rates and the
purity of the multiphoton source as defined in Eq. (11). Us-
ing the analytical expressions we developed, we can find an
approximated formula for the pin which reads:
pin ≈
{
1 +[
4g(γ2a + 28Ω
2)
(γ2a + 4Ω
2)(γ2a + 36Ω
2)
+
32g2Ω2(γ4a + 432Ω
4)γσ
γa(γ2a + 4Ω
2)2(γ2a + 36Ω
2)2
]
×
[
4γa
nγσ˜
+
Ω2(n−1)
g2nAn
]}−1
. (17)
We numerically checked (not shown) that the pin obtained
from the analytical formulas agree quantitative well with
the ones that can be obtained from the photon counting
distribution of the output field [79], as was introduced in
Refs. [27, 32].
Equation (17) allows us to obtain simple asymptotic ex-
pressions. For example, in the large driving limit, Ω → ∞,
one obtains the following formula for the purity of two-photon
emission:
pi2 ≈
(
1 +
7
18
γ2a
g2
+
8
3C
+
21
18C
+
8g2
γ2aC
2
)−1
, (18)
where the term proportional to (γa/g)2 evidences that one
needs to have strong coupling parameters, γa  g, in order
to obtain values of pi2 close to one, as was already observed
in Ref. [32]. For values of n larger than 2, the asymptotic ex-
pression for the purity is pin>2 ∝ 1Ω2(n−1) . This tells us that
for n = 2 case, one can always purify the two-photon emis-
sion by going to larger drivings, whereas for the n > 2 case
one has to find the optimal driving that maximizes the purity
for a given set of parameters. The explanation for this is that
n
(n)
a is given, for n = 1, by an off-resonant, first-order pro-
cess, and for n > 1, by a resonant, n-th order process. Only
in the case of n = 2 these two properties (on resonance and
second-order) compensate and yield values of n(2)a larger than
n
(1)
a at large drivings. Though, in principle it is possible to
find an optimal Ω for n > 2 by differentiating the expression
of pin, its expression its too cumbersome to write here. An
alternative way to obtain an approximated optimal Ω consists
of finding the point where the asymptotic expression of n(n)a
at small and large driving cross. The latter procedure leads to
a simple expression for the optimal driving, which reads:
Ω
(n)
opt ≈
(
4γag
2nAn
nγσ
) 1
2(n−1)
. (19)
We checked numerically that this is indeed a very good
approximation by comparing with the exact numerical results.
III. IMPROVEMENT BY FREQUENCY FILTERING
A. Spectral distribution
As we have seen in Fig. 1, the multiphoton emission in
our setup manifests as an extra peak in the incoherent cav-
ity spectrum. However, together with this extra peak, we still
observe three extra peaks reminiscent from the single-photon
transitions of the Mollow triplet. A key observation is that the
photons at these frequencies are the main origin of the small
fraction of spurious photons that contaminate the multipho-
ton emission, that we labelled as n(1)a . The fact that these
photons appear at frequencies well separated from the multi-
photon peak allows one to purify the multiphoton source by
frequency filtering, which as already been proven to be a way
to optimize photon correlations in other situations [52, 53].
Before analysing the effect of the filtering, let us first show
how to estimate the fraction of the total emission correspond-
ing to each of the spectral peaks. Formally, the incoherent part
of the cavity spectrum can be calculated in terms of the eigen-
values, λβ , and eigenvectors of the Liouvillian of the system
as follows [54, 55]:
S(ω) =
1
pi
∑
β
[
(γβ/2)Lβ
(ω − ωβ)2 + (γβ/2)2
− (ω − ωβ)Kβ
(ω − ωβ)2 + (γβ/2)2
]
, (20)
that is, a sum of Lorentzians centered at ωβ = ={λβ}
with linewidth γβ = 2<{λβ} (plus a dispersive part which
takes into account possible interference between them). The
weightsLβ ,Kβ are obtained from a combination of the eigen-
vectors of the Liouvillian and the steady-state of ρ. It can
be trivially shown that Lβ satisfy that na =
∑
β Lβ . Using
that information, it is possible to estimate the amount of cav-
ity population emitted at the frequency of the cavity, na,f , by
summing those Lβ whose corresponding ωβ is close to the
cavity frequency:
na,f =
∑
ωβ≈ωa
Lβ . (21)
We can now estimate the amount of light from the single-
photon processes emitted at the cavity frequency, n(1)a,f , which
is the one that we will not be able to get rid of by frequency fil-
tering. This is done by using a similar analysis, but truncating
the cavity’s Hilbert space to one photon in order to exclude
n-photon processes from the dynamics (see Appendix C).
The approximated expression for n(1)a,f reads, in the limit of
Ω g, γa, γσ limit:
7n
(1)
a,f ≈ <
{
32g2(γ2aΩ
2 + 4iγa∆aΩ
2 − 4∆2aΩ2 − 8Ω4)γσ
γa(γa + 2i∆a)2(γa + 2i∆a − 4iΩ)2(γa + 2i∆a + 4iΩ)2
}
. (22)
Interestingly, in the case of two-photon emission, this ex-
pression already appeared naturally in the formula we de-
rived for n(1)a , since by substituting the two-photon condition
∆a = ∆
(2)
a = Ω in Eq. (22) one obtains precisely the second
term in the sum of Eq. (10). Therefore, we can now under-
stand such a term as the fraction of cavity population grown
by first-order processes that is emitted at the resonant cavity
frequency. By comparing this quantity to the population of
n-photon bundles n(n)a , we can obtain an estimate of the pu-
rity of multiphoton emission for the light filtered at the cavity
frequency and determine to which extent the figures of merit
of multiphoton emission are improved.
B. Figures of merit of the filtered emission.
From the analysis made in the previous Section, it is ex-
pected that by filtering out the cavity emission one can im-
prove substantially the figures of merit of our multiphoton
source. This is based on the assumption that only part of
the undesired photons—with a population corresponding to
n
(1)
a,f —will be emitted at the cavity frequency, whereas the to-
tality of the n-photon bundles are emitted at such frequency.
We can confirm this assumption by applying the previous
analysis to the Liouvillian of the master equation in Eq. (7) as
shown in Fig. 3, where it is clearly seen how the two-photon
population n(2)a —computed from Eq. (7)—corresponds to the
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FIG. 3: Cavity emission rates at the two-photon resonance for three
different spectral windows : central peak of the Mollow triplet (red),
cavity peak (light blue) and total emission (dark blue). These rates
have been numerically computed using Eq. (21). The bundle emis-
sion γan
(2)
a (dashed, orange) computed from the n-photon master
equation (7) closely matches the emission at the cavity peak, con-
firming that the light emitted at that frequency is composed of photon
bundles, and that spurious emission can be eliminated by frequency
filtering. Parameters: Ω/g = 20 and γσ/g = 0.025.
amount of the total population na,f emitted at ωa. This is a
particular case in which all the photons emitted at the cavity
frequency are two-photon bundles and no spurious photons
are emitted at that frequency. In a general situation this could
fail to be the case, which leads us to the definition of the pu-
rity of filtered n-photon emission, given by the fraction of the
population emitted at the cavity frequency which is composed
by n-photon bundles:
pifn =
n
(n)
a
na,f
, (23)
which in the case of two-photon emission can be approxi-
mated as pif2 ≈ n(2)a /(n(1)a,f + n(2)a ). To illustrate the improve-
ment brought by filtering, we show in Fig. 2(b) a contour plot
of the emission rates n(2)a [red] and n
(1)
a,f [blue] as a function
of (γa, γσ) with the same Ω = 20g, than the one used in
Fig. 2(a). By comparing the two panels, we observe that the
region in which the two-photon filtered emission dominates
over the single-photon one is substantially enlarged with re-
spect to the unfiltered situation, even including regions in the
weak-coupling regime γa/g < 1. This is a major result, as it
opens up the possibility of producing such multiphoton emis-
sion in systems within the bad-cavity limit, where γa,σ < g,
but C > 1, which is commonplace in both cavity and waveg-
uide QED in the optical regime [33, 36–38].
Using the analytical formulas we derived in the previous
Section and Eq. (22) for n(1)a,f , we can obtain an asymptotic
expression for the purity of n-photon filtered emission in the
large driving limit, which for the two-photon case reads:
pif2 ≈
(
1 +
8
3C
+
8g2
γ2aC
2
)−1
. (24)
By comparing this expression to Eq.(18), we can see clearly
how frequency filtering allow us to get rid of the term propor-
tional to (γa/g)2 that enforces the strong coupling condition;
now, the limit γa  g leaves us an expression for pif2 that
depends only on the cooperativity, pif2 ≈ (1 + 83C )−1. This
provides a simple way to evaluate the maximum purity that
can be observed for a system with a given cooperativity with-
out the need to perform demanding numerical calculations.
For the general case of n-photon emission with n > 2, the
large driving limit of pifn goes as pi
f
n>2 ∝ 1Ω2(n−1) . Even if
this limit follows the same trend as in the unfiltered case, fre-
quency filtering still provides a remarkable improvement in
the figures of merit when an optimum driving is chosen. To
illustrate it, we plot in Fig. 4(a) the filtered and unfiltered pu-
rity for n = 2, 3, 4 photons situation as a function of γa/g
for a system with Ω/g = 20 and γσ/g = 0.025, 0.005 and
0.001 respectively, where we observe a substantial improve-
ment of the purity for all n. It is worth highlighting that 100%
8of n-photon emission is guaranteed for good enough system
parameters. Panel (b) depicts the underlying n-photon com-
ponents of the cavity population, further corroborating our
assumptions that the total population in the filtered and un-
filtered case can, in good approximation, be decomposed into
components associated to n-photon processes. This plot, how-
ever, also shows an effect not discussed so far: the resonant
n-photon emission can also be spoiled by other off-resonant
multiphoton processes of lower order m < n: in particular,
we show that, in the case of three- and four-photon emission
and for large values of γa, the population n
(2)
a grown by the
off-resonant two-photon process is larger than the correspond-
ing resonant three- and four-photon population, and is the ma-
jor factor in the emission at the cavity peak. This suggests
a general expansion of na,f including all the spurious contri-
butions to n-photon emission from off-resonant, lower mth-
order processes (with m < n), so that the filtered purity can
be approximated as:
pifn ≈
n
(n)
a
n
(1)
1,f +
∑n
m=2 n
(m)
a
. (25)
Finally, to illustrate the feasibility of our proposal with
state-of-the-art systems, we show in Fig. 5 the correspond-
ing contour plots of both pi2 and pif2 for the range of (γa, γσ)
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FIG. 4: (a) Numerical calculations for the purity of two, three
and four-photon emission for unfiltered (pin, solid) and filtered (pifn,
dashed) cases, given by Eqs. (11) and (25), with n(1)a and n
(1)
a,f com-
puted numerically from a model truncated at one photon, and with
n
(n)
a for n ≥ 2 computed numerically from the master equation
(7). Parameters: Ω/g = 20, γσ/g = 0.025, 0.005 and 0.001
for n = 2, 3, 4 respectively. (b) Numerically computed unfiltered
and filtered emission rates, γana (solid, black) and γana,f (dashed,
black), compared to the underlying n-photon components of the cav-
ity emission rate, γan
(n)
a , used in the computation of pin and pifn of
panel (a).
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FIG. 5: Purity of two-photon emission in the unfiltered (a) and fil-
tered (b) case, as a function of cavity decay rate γa and 2LS decay
rate γσ . Colored points correspond to experimental state of the art
samples, with values summarized in Table I. Circles correspond to
semiconductor QDs, and squares correspond to atoms. Parameters:
Ω = 20g.
displayed in Fig. 2(a-b) and include points with several cav-
ity QED experimental parameters (summarized in Table I),
evidencing that many of them lie already within a regime of
pif2 ≈ 1. Note that we have adopted a definition of γσ that
only considers the decay to free space as the 2LS decoherence
source neglecting, e.g., pure dephasing, which is usually rele-
vant in semiconductor scenarios. In Section IV, however, we
consider the impact of these extra decoherence channels on
our multiphoton emission.
IV. IMPACT OF EXPERIMENTAL LIMITATIONS
Up to know, we have considered the ideal situation in
which the only decoherence sources are both the cavity and
2LS losses, in which the cavity decay generally dominates,
γa  γσ , and where the distinction between the cavity, laser
and 2LS photons can be made perfect. Even though this ideal
situation can be obtained within circuit QED setups [66–68],
9Reference h¯g γa/g γσ/g C
SEMICONDUCTORS
De Santis et al. (2017) [56] 19 µeV 9.4 0.036 ∼ 12
Giesz et al. (2016) [57] 21 µeV 8.56 0.028 ∼ 17
Loo et al. (2012) [58] 33 µeV 2.76 0.6 ∼ 2
Kim et al. (2014) [49] 63 µeV 2.35 0.01 ∼ 170
Laucht et al. (2009) [59] 60 µeV 1.6 0.1 ∼ 25
Fischer et al. (2016) [50] 45 µeV 1.3 ∼ 0.01 [60] ∼ 300
Ota et al. (2011) [51] 51 µeV 0.5 0.016 ∼ 500
Hennessy et al. (2007) [34] 90 µeV 1.1 ∼ 0.005 ∼ 1600
Volz et al. (2012) [61] 141 µeV 0.37 ∼ 0.006 a ∼ 1800
Srinivasan et al. (2007) [62] 12 µeV 0.33 0.2 ∼ 60
Arakawa et al. (2012) [63] 80 µeV 0.3 0.01 [51] ∼ 2500
ATOMS
Hamsen et al. (2016) [64] 80 neV 0.2 0.25 ∼ 80
Birnbaum et al. (2005) [65] 0.14 µeV 0.12 0.071 ∼ 470
aValue not provided in the reference. We assumed the typical value of the
QD lifetime in a photonic bandgap of ∼ 5ns.
TABLE I: Table of state-of-the-art parameters in cavity QED, with
special emphasis on semiconductor samples. The high cooperativ-
ity values shown by semiconductor systems is because we are not
considering in the definition the phonon-induced decoherence, that
will reduce the effective cooperativity. We will consider its impact in
detail in Section IV A.
in the optical regime some of these requirements are more dif-
ficult to achieve.
The goal of this Section is to analyze the impact of several
experimental imperfections in platforms relevant for the im-
plementation of our proposal in the optical regime, such as
semiconductor or atomic cavity QED setups. We focus on
the case of two-photon emission, which is the one with more
immediate prospects to be experimentally implemented. In
particular, we analyze: i) the impact of phonon-induced deco-
herence in Section IV A; ii) the effect of detecting coherently
scattered photons in the cavity emission in Section IV B; and
finally, iii) the robustness of the multiphoton emission in sys-
tems with limited driving and limited cancellation of sponta-
neous emission, that is, γa ≈ γσ , in Section IV C.
A. Phonon-induced decoherence
One of the main problems in semiconductor cavity QED
implementations is the decoherence produced by the phonons
induced by the lattice vibrations in the solid. It is a well known
fact that phonons in cavity QED systems [69] give rise to two
effects. The first one is the so-called pure dephasing mecha-
nism, in which the phonons spoil the coherence of the 2LS
without affecting directly the population. This mechanism
can be described in a master equation description through the
Lindblad term γφ2 Lσ†σ[ρ].
Moreover, when the 2LS is also interacting with a cavity
mode, the phonons open an extra channel that allows to ex-
change excitations incoherently between the cavity and the
2LS. This is the cavity feeding mechanism [69–72], described
1 2 5 10 20 50 100
1×10-4
5×10-4
0.001
0.005
0.010
0.050
0.100
0 5 10 15 20 25 30
107-2 -1 0 1 2
1
2
3
4
5
6
7
51 2 3 7
Temperature (K)
1PE
2PE
(a) (b)
(c) (d)
FIG. 6: (a) Calculated rates for the phonon-induced transitions as a
function of temperature. (b) Cavity population emitted at the cavity
frequency as a function of Ω, for a cavity at the two photon resonance
∆a = Ω and different temperatures. Dashed, black: two-photo pop-
ulation. (c) Spectrum of cavity emission as a function of the ampli-
tude of the driving field for T = 30K. ∆a = 5g (d) Spectrum at the
cavity frequency as a function of driving field amplitude and different
temperatures. ∆a = 5g.
by the following Lindblad terms:
γσ†a
2
Lσ†a[ρ] +
γσa†
2
Lσa† [ρ], (26)
where, following Ref. [69], we estimate the phonon transfer
rates to be given by:
γσ†a/σa† = 2〈B〉2g2<
[∫ ∞
0
dτ e±i∆aτ
(
eφ(τ) − 1
)]
,
(27)
where 〈B〉 is:
〈B〉 = exp
[
−1
2
∫ ∞
0
dω
J(ω)
ω2
coth(βh¯ω/2)
]
, (28)
φ(t) is:
φ(t) =
∫ ∞
0
dω
J(ω)
ω2
[coth(βh¯ω/2) cos(ωt)− i sin(ωt)],
(29)
and J(ω), the characteristic phonon spectral function, is de-
fined as: J(ω) = αpω3 exp
(
− ω2
2ω2b
)
. Obviously, the larger
the temperature is, the more relevant these mechanisms are. In
Fig. 6, we illustrate the impact of these two mechanisms in the
two-photon emission as a function of temperature. To do so,
we choose a pure dephasing rate proportional to temperature,
γφ = AT , withA =1 µeV/K [69, 73], and set the parameters
10
as ωb = 0.22 meV, and αp = 0.18 meV−2, consistently with
the those provided in Refs. [50, 60]. The resulting values for
γσ†a and γσa† as a function of temperature are shown explic-
itly in Fig. 6(a). In Fig. 6(b) we study the effect of the tem-
perature on na,f , the cavity population emitted at the cavity
frequency, in a plot similar to panel (c) of Fig. 2: the filtered
emission is shown as a function of Ω, and compared with the
amount of two-photon population, n(2)a . We observe that for
drivings Ω/g >∼ 20, the two-photon population still dominates
the emission [n(2)a ≈ na,f ], even for relatively large temper-
atures of T ≈ 30 K. The oscillatory behaviour stems from
the oscillatory dependence with ∆a in Eq. (27), magnified by
the logarithmic scale. At smaller driving amplitudes, the extra
broadening introduced by phonons increase the emission of
spurious single-photons, therefore decreasing the importance
of the two-photon mechanism.
It is interesting to highlight that even for the highest tem-
perature of T = 30 K, the spectral signature of the two-photon
processes in S(ω) remains unambiguous, even for systems
with moderate driving strength, as we show in the contour
plot of Fig. 6(c), where we plot the evolution of S(ω) as a
function of the driving amplitude for a fixed ∆a = 5g as we
did in Fig. 1(a). There, we observe that apart from the ex-
pected broadening of the peaks in S(ω) and the enhancement
of single-photon features, we still observe a well distinguished
peak when Ω is such that ∆a = ∆
(2)
a = 5g. To make more
evident that phonons do not preclude the observation of two-
photon emission features we finally plot in Fig. 6(d), the value
of the cavity spectrum at the cavity frequency ω = ωa as a
function of Ω and temperature T and for a fixed ∆a = 5g.
Remarkably, we observe that phonon-induced transitions not
only results in an enhancement of single-photon emission, ex-
pected from the larger overlap with cavity peak, but also en-
hance the two-photon emission peak. This indicates that un-
ambiguous signatures of two-photon physics can be observed
even at high temperatures.
B. Driving via the cavity mode: laser coherent back-scattering
In our model we have assumed than the 2LS can be co-
herently driven independently of the cavity channel. Though
this is certainly a possible configuration, in both semicon-
ductor [49, 50] and atom cavity QED setups [64], the most
common scenario experimentally is the one where the 2LS is
driven coherently through the cavity channel. In order to de-
scribe that situation we replace Ω(σ + σ†) → Ω(a + a†), in
the Hamiltonian of Eq. (1). We can nevertheless come back
to the description in terms of 2LS driving that we have used
so far by rewriting the cavity operator as a → α + a, with α
a complex number, and setting α = Ω/(∆a − iγa/2). This
choice cancels the cavity driving terms in the master equation
(where now the cavity operator describes the creation of quan-
tum fluctuations on top of the coherent state built by the laser),
and gives a Hamiltonian with an effective coherent driving in
the 2LS given by Ωeff(e−iφσ + eiφσ†), with φ = arg (α) and
Ωeff = |Ω/(∆a − iγa/2)|. This means that all the results
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FIG. 7: Ratio between the coherent and incoherent signal at the cav-
ity frequency when the cavity is coherently driven, as a function of
the effective driving of the 2LS. In order to describe the situation
where the full cavity peak is filtered, the filter linewidth has been
taken equal to the cavity linewidth, Γ = γa. For each value of the
driving, the cavity frequency is tuned to the two-photon resonance,
∆a = Ωeff .
obtained so far apply to this case by just replacing Ω by Ωeff .
However, this type of driving leads to a potential problem,
that is, the presence of coherently scattered light in the cavity
spectrum, S(ω) = SI(ω) + SC(ω), which obviously spoils
the multiphoton response and that needs to be rejected. The
amount of coherently scattered photons SC(ω) when we place
a filter of linewidth Γ is given by:
SC =
Γ2
2
|〈a〉|2
Γ2/4 + ω2
. (30)
The ratio SC(ωa)/SI(ωa) dictates what would be the experi-
mental rejection of coherently scattered light required to avoid
the laser background to overcome the incoherent signal. In
Fig. 7, we plot this ratio as a function of Ωeff in the case of
two-photon emission, i.e., ∆a = Ωeff , for a filter linewidth
equal to the width of the cavity peak, Γ = γa and a cavity de-
cay rate representative o semiconductor samples, γa ≈ g. We
see that, even for effective drivings as large as Ωeff ∼ 100g,
the ratio between coherent and incoherent scattered signal re-
mains below 104, which can be understood since in order to
achieve two-photon emission the detuning between the cavity
and the driving also increases with Ωeff . This shows that, in
that case, state-of-the-art rejection ratios of ∼ 10−6 [74–76]
would yield only ∼ 1% of detected photons coming from the
coherent signal, and only ∼ 0.01% for drivings of Ωeff ≈ 20,
which we have shown in previous sections to be sufficient to
achieve regimes of perfect two-photon emission, pif2 ≈ 1. The
present analysis of the required rejection ration is also rele-
vant in the context of recent developments that aim to achieve
on-chip suppression of the coherent light by self-homodyned
techniques [50, 77].
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FIG. 8: (a) Cavity spectrum as a function of the driving ampli-
tude Ω for set of parameters typical of atomic cavity QED systems,
γa = γσ = 0.1g. The detuning between cavity and 2LS is ∆a = 5g.
(b) Value of the spectrum at the cavity frequency ωa as a function of
the driving amplitude Ω, for four fixed sets of cavity frequencies. A
feature indicating two-photon emission appears whenever Ω = ∆a,
and it appears for driving amplitudes as low as 3g.
C. Limited driving amplitude and limited cancellation of
spontaneous emission
Finally, we also explore in more detail how the spectral sig-
natures for multiphoton emission looks in the regime of pa-
rameters of atomic cavity QED systems [64]. A typical re-
striction in those systems is that the 2LS spontaneous emis-
sion is not suppressed, such that it is γσ ≈ γa, but with the
advantage of being in the strong non-linear coupling g > γa,σ .
Another limitation is that the drivings can not be very large,
as it will decrease the trapping lifetime of the atom. In order
to illustrate that the two-photon emission signatures are still
visible in this regime of parameters, we plot the evolution of
S(ω) as a function of Ω for a fixed ∆ = 5g and a system
with γa = γσ = 0.1g. Comparing with Fig. 1(a), we observe
that: i) at the single-photon resonance, an anticrossing with
the resonant sideband is present as the system is in the strong
non-linear coupling; ii) more interesting for our manuscript,
there is still a very strong signature when Ω matches the 2-
photon resonance at Ω = ∆a.
Finally, we illustrate the effect of smaller drivings in
Fig. 8(b), where we plot the amount of emission at the cavity
resonance S(ωa) as a function of Ω for several values of ∆a.
For large ∆a, e.g., 20g, that correspond to large drivings, one
observes a very sharp peak at the two-photon resonance. As
one decreases ∆a, the height of the peak decrease and it gets
broader. However, even for very small detunings ∆a = 3g,
the two-photon spectral resonance is still observed.
V. CONCLUSIONS & OUTLOOK
In this work we have shown how to optimally exploit the
mechanism of n-photon emission introduced in Ref. [32],
based on a coherently driven 2LS coupled to a cavity mode.
In particular, we have provided an analytical understanding
of the figures of merit of the emission such as the efficiency
rates, purity of n-photon emission and its spectral distribution
in the cavity output field. Thanks to these closed-form expres-
sions, we provide formulas for the optimal driving, Ω, and the
emitter’s decay rate, γσ , to maximize the n-photon emission.
More importantly, we identify that the spurious single photons
can be filtered out, relaxing in some situations the strong cou-
pling requirement used in the previous proposal, to the more
accessible bad-cavity regime, thus opening the possibility of
implementing this protocol in a wide variety of platforms. Our
results also allow us to foresee the future of this field in sys-
tems with parameters still out of reach for most platforms,
that we have shown to produce close to 100% three- and four-
photon emission with demanding but still realistic parame-
ters. Finally, we analyse the impact of several experimental
imperfections, such as phonon-induced decoherence, on the
n-photon emission showing how they are within the reach of
current experimental technologies in semiconductor and atom
cavity QED setups.
In future works it will be interesting to introduce another
controllable decay channel on the 2LS, e.g., another cavity
mode, which allows one to control dynamically the decay rate
of γσ . With that knob, one can tune the optimal n-photon
emission regime, or control the separation between the n-
photon states. Moreover, by measuring the emission of that
channel, one can herald the presence of the n-photon states in
the cavity one, as these processes can be shown to be strongly
correlated [32]. Other heralding protocols could benefit from
exploiting higher-order frequency-resolved correlations in the
emission [78]. Further exciting perspectives are the triggered
generation of n-photon states with appropriate pulse shaping
of Ω(t), or the study of the interplay of these mechanism tak-
ing into account other spectral densities as the ones appearing
in band-edges of waveguide QED setups.
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Appendix A: Derivation of the n-photon Hamiltonian
For the sake of generality, in this demonstration we con-
sider the detuned situation ∆ ≡ ωσ − ωL 6= 0, in which the
12
eigenstates of the dressed 2LS-laser system are given by:
|+〉 = c|g〉+ s|e〉 , (A1a)
|−〉 = s|g〉 − c|e〉 , (A1b)
with
c = 1/
√
1 + ξ−2 , (A2a)
s = 1/
√
1 + ξ2 , (A2b)
ξ =
Ω
∆/2 +R
, (A2c)
R =
√
Ω2 +
(
∆
2
)2
. (A2d)
When the cavity is resonant with the n-th photon tran-
sition, we consider the subspace spanned by the states
{|+, 0〉, |−, n〉, |+, 1〉, |−, 1〉, · · · , |+, n − 1〉|−, n − 1〉},
where the Hamiltonian reads:
H(n) =
(
hˆ(n) Vˆ (n)
Vˆ (n)T Hˆ(n)
)
. (A3)
In this way, we have divided the Hamiltonian in two parts,
with hˆ(n) acting on the subspace {|+, 0〉, |−, n〉}:
hˆ(n) =
(
R 0
0 −R+ n∆a
)
, (A4)
and Hˆ(n) acting on the rest of our global subspace. For the
lowest multiphoton resonance, n = 2, Hˆ(2) is defined as
Hˆ(2) =
(
R+ ∆a 0
0 −R+ ∆a
)
, (A5)
from which we can build recursively the general n > 2 case
as:
Hˆ(n) =
Hˆ(n−1) Xˆ(n)T
Xˆ(n)
R+ (n− 1)∆a 0
0 −R+ (n− 1)∆a
 ,
(A6)
where
Xˆ(n) =
(
0 0
√
n− 1gcs −√n− 1gc2
0 0
√
n− 1gs2 −√n− 1gcs
)
. (A7)
The two subspaces on which hˆ(n) and Hˆ(n) act are coupled
by Vˆ (n), a 2× 2(n− 1) matrix given by:
Vˆ (n) =
(
gcs gs2 · · · 0 0
0 0 · · · √ngcs2 −√ngcs
)
. (A8)
with no zeros in the n = 2 case. Since the sign of ∆a is ir-
relevant for the physics, we will consider it to be positive and
set to the n-photon resonance, ∆a ≈ 2R/n. Our purpose now
is to obtain an effective Hamiltonian hˆ(n)eff within the subspace{|+, 0〉, |−, n〉} by means of matrix perturbation theory:
hˆ
(n)
eff = hˆ
(n) + Vˆ (n)(E0 − Hˆ(n))−1Vˆ (n)T. (A9)
This calculation is easy to perform and allows to obtain ana-
lytic expressions for hˆ(n)eff that, however, are too lengthy to be
written here. Nevertheless, by inspecting the result of com-
puting Eq. (A9) up to n = 6, we obtained the off-diagonal
term of hˆ(n)eff to lowest order in g, given by hˆeff 1,2 =
√
ng(n),
where g(n) is an effective n-photon coupling rate given by:
g(n) =
gn
Rn−1
(
n2
2
)(n−1)
cn−1sn+1
(n− 1)!2 +O(g
n+1) . (A10)
which for the case of ∆ = 0 takes the form of Eq. (5).
Appendix B: Derivation of the expressions of n(n)a and n(1)a
The derivation of the steady-state n-photon population n(n)a
predicted by the master equation Eq.(7) is estimated by writ-
ing the following closed set of differential equations for the
correlators:
d
dt
〈anσ˜†〉 ≈
(
2iR− ni∆a −
nγa + P + γσ˜ + γφ˜
2
)
〈anσ˜†〉 ,
− in!g(n)〈σ˜†σ˜〉 , (B1a)
d
dt
〈σ˜†σ˜〉 = −(γσ˜ + P )〈σ˜†σ˜〉+ 2g(n)=
{〈anσ˜†〉}
+ P , (B1b)
d
dt
〈a†a〉 = −γa〈a†a〉 − 2ng(n)=
{〈anσ˜†〉} . (B1c)
where the missing correlators were neglected under the as-
sumption g(n)  γa. By setting these derivatives to zero, one
obtains the expression of n(n)a given in Eq. (8).
For the estimation of n(1)a we consider the master equation
in Eq. (2) with the Hamitlonian of Eq. (1), and write the dif-
ferential equations for the correlators truncating at one cavity
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photon. This yields the following set of equations:
d〈a†a〉
dt
=− γa〈a†a〉 − 2g=〈σ†a〉 , (B2a)
d〈σ†σ〉
dt
=− γσ〈σ†σ〉 − 2Ω=〈σ〉 − 2g=〈a†σ〉, (B2b)
d〈σ〉
dt
=−
(
i∆ +
γσ
2
)
〈σ〉+ 2iΩ〈σ†σ〉 − ig〈a〉
+ 2ig〈aσ†σ〉 − iΩ, (B2c)
d〈a〉
dt
=−
(
i∆a +
γa
2
)
〈a〉 − ig〈σ〉, (B2d)
d〈σ†a〉
dt
=−
[
i(∆ + ∆a) +
γσ + γa
2
]
〈σ†a〉 − 2iΩ〈aσ†σ〉
+ iΩ〈a〉 − 2ig〈a†aσ†σ〉 − ig〈σ†σ〉+ ig〈a†a〉,
(B2e)
d〈aσ†σ〉
dt
=−
(
i∆a +
γa
2
+ γσ
)
〈aσ†σ〉+ ig〈a†aσ〉
− iΩ〈aσ†〉+ iΩ〈aσ〉 , (B2f)
d〈aσ〉
dt
=−
[
i(∆ + ∆a) +
γσ + γa
2
]
〈aσ〉 − iΩ〈a〉
+ 2iΩ〈aσ†σ〉 . (B2g)
Under the approximation Ω  g, γa, γσ , we can eliminate
the terms proportional to g〈a†σ˜〉 in Eq. (B2b), to ig〈a〉 and
ig〈aσ˜†σ˜〉 in Eq. (B2c), to g〈a†aσ˜†σ˜〉 and g〈a†a〉 in Eq. (B2e)
and to g〈a†aσ˜〉 in Eq. (B2f). This leaves us, setting the deriva-
tives to zero, with the following set of equations for the steady
state observables:
〈a†a〉SS = − 1
γa
2g=〈σ†a〉SS , (B3a)
〈σ†σ〉SS ≈ − 1
γσ
2Ω=〈σ〉SS , (B3b)
〈σ〉SS ≈ iΩ
i∆ + γσ2
(2〈σ†σ〉SS − 1) , (B3c)
〈a〉SS ≈ − g
∆a − iγa2
〈σ〉SS , (B3d)
〈σ†a〉SS ≈ i−2Ω〈aσ
†σ〉SS + Ω〈a〉SS − g〈σ†σ〉SS
i(∆ + ∆a) +
γa+γσ
2
,
(B3e)
〈aσ†σ〉SS ≈ iΩ(〈aσ〉SS − 〈σ
†a〉SS)
γa
2 + γσ + i∆a
, (B3f)
〈aσ〉SS = −iΩ(2〈aσ
†σ〉SS − 〈a〉SS)
i(∆ + ∆a) +
γa+γσ
2
. (B3g)
This is a closed system of equations that can be readily
solved. From it, we can obtain the population n(1)a ≡ 〈a†a〉SS,
which for the case ∆ = 0 reads:
n(1)a = −
16g3
γa
=
{
Ω2
[−i8Ω2(γa + 2i∆a)− iλ(∆a)2λ2(∆a)]
(γa + 2i∆a)λ(∆a)(8Ω2 + γ2σ)(λ(∆a)λ2(∆a) + 16Ω
2)
}
,
(B4)
where λ(∆a) ≡ γa + γσ + 2i∆a and λ2(∆a) ≡ γa + 2γσ +
2i∆a. In the particular case of two-photon resonance condi-
tion, ∆a = ∆(2) = Ω, the expansion of Eq. (B4) to first order
in γσ/g yields Eq. (10).
Appendix C: Derivation of n(1)a,f
In this section we get an analytical estimation of the amount
of light emitted at the cavity peak in a system where the cav-
ity’s Hilbert space is truncated at one photon, thus suppressing
multiphoton processes. To do so, it is convenient to calculate
the spectrum using the quantum regression theorem for the
evolution of a vector of correlators. Let us assume that the
dynamics of the mean value 〈a〉 is coupled to a set of corre-
lators that we write in a vector u, a being the first element,
u1 = a. In our case, the vector is u = (a, σ, σ†, σ†σ)T, and
the dynamics of the mean values follows the equation:
d
dt
〈u〉 = M〈u〉+ c , (C1)
with
M =
−
γa
2 − i∆a −ig 0 0−ig −γσ2 − i∆ 0 2iΩ
0 0 −γσ2 + i∆ −2iΩ
0 iΩ −iΩ −iγσ
 ,
(C2a)
c =
(
0 −iΩ iΩ 0)T , (C2b)
where we assumed Ω  γσ, γa, g. In order to obtain
an homogeneous equation, we define a vector v given by
v = u− uSS, where uSS are the steady state solutions of
Eq. (C1), giving the equation:
d
dt
〈v〉 = M〈v〉 . (C3)
We can now apply the quantum regression theorem and
write the dynamics of the set of two-time correlators:
d
dτ
〈a†(t)v(t+ τ)〉 = M〈a†(t)v(t+ τ)〉. (C4)
Defining w(τ) = 〈a†(t)v(t+ τ)〉, the spectrum is then given
by:
S(ω) =
1
pi
<
∫ ∞
0
w1(τ)e
iωτdτ. (C5)
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The vector w(τ) has the formal solution w(τ) = eMτw(0),
which, considering the diagonalized form of M :
−D = E−1ME (C6)
where E is the matrix of normalized eigenvectors ofM , reads
w(τ) = Ee−DτE−1w(0). This allow us to integrate for-
mally Eq. (C5) and find an expression for the spectrum analo-
gous to Eq. (20), with Dβ = γβ/2 + iωβ , and:
Lβ ≡ <{E1,β [E−1w(0)]β}. (C7)
Since we worked with an approximated closed system of four
correlators, we have only four eigenvalues Dβ , and therefore
the spectrum is composed of four Lorentzian peaks. One of
these eigenvalues, that we assign to β = 1, has an imaginary
part equal to ωa, and therefore corresponds to the Lorentzian
peak of the spectrum at the cavity frequency. From it, we can
define the part of the background population of photons that
are emitted at the cavity frequency as:
n
(1)
a,f ≡ L1 . (C8)
This corresponds to the number of background photons that
cannot be spectrally separated, since they are emitted at the
cavity frequency. Thanks to the small size of the matrix M ,
we can obtain approximate analytical expressions for n(1)a,f .
Expanding to first order in γσ/g, we obtain the expression
given in Eq. (22).
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